Section 15.8:
Triple Integrals In
Spherical Coordinates



What We’ll Learn In Section 15.8

1. What are spherical coordinates?
2. Triple integrals In spherical coordinates



1. What are spherical coordinates?

The spherical coordinates of a point

ZA




1. What are spherical coordinates?

p = ¢, d sphere




1. What are spherical coordinates?

0 = c, a half-plane




1. What are spherical coordinates?

¢ = ¢, a half-cone

Zh

0<c<m/2



1. What are spherical coordinates?

Q’U x = p sin ¢ cos 6
N

Z= pcos ¢ \
N o Yy = p sin ¢ sin 0

r = psin ¢ Z = pcos ¢

p2=$2+y2+22




1. What are spherical coordinates?

Ex 1: The point (2,7,~) is given in spherical coordinates. Plot the
point and find its rectangular coordinates.



1. What are spherical coordinates?

%) Warning There is not universal agreement on the notation for spherical
coordinates. Most books on physics reverse the meanings of # and ¢ and use r

in place of p.



1. What are spherical coordinates?

Ex 2: The point (0,2v/3,—2) is given in rectangular coordinates.
Find spherical coordinates for this point.



2. Triple integrals in spherical coordinates

To integrate in spherical coordinates. ..

x = p sin ¢ cos 6 Yy = p sin ¢ sin 6 2 = p CoS ¢

Volume element in spherical coordinates:
dV = p? sin ¢ dp dO d¢
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psingdd dp




2. Triple integrals in spherical coordinates

To integrate in spherical coordinates. ..

gf f(z,y,2) dV
= fcd ff ff f(p sin ¢ cos 6, p sin ¢ sin 6, p cos ¢) p? sin ¢ dp db d¢

where F is a spherical wedge given by

E={(p0,¢)| a<p<ba<0<Bc<d<d)



2. Triple integrals in spherical coordinates

To integrate in spherical coordinates. ..

E={(p,0,0) | a<0<B,c<d<d,g1(0,6) <p<g2(0,9)}



2. Triple integrals in spherical coordinates

/
Ex 3: Evaluate [[f o (x2+y? +72)
B

B={(xv,2)|x*+y?>+2z2<1}.

dV , where B is the unit ball

In rectangular coordinates, this integral becomes...

1 V1—2z? Vv 1—z%—y | o
e VT dzdy de
—1J—vV1-2% J—\/1—ax2—y>




2. Triple integrals in spherical coordinates

Ex 4: Use spherical coordinates to find the volume of the solid that lies above
the cone z = /x2 + y2 and below the sphere x? + y? + z2 = 1.




